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Let f be a real polynomial having no zeros in the open unit disk. We prove a
sharp evaluation from above for the quantity || f'|| /[ f1,, 0 <p < oo. The extremal
polynomials and the exact constants are given. This extends an inequality of Paul
Erdés [7].  © 2000 Academic Press
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1. INTRODUCTION AND STATEMENT OF THE PROBLEM

For any continuous function f: [ —1, 1] — C and pe (0, o) let

171, = <é §

1/p
oL dx) :

besides, let

1f o := max_[f(x)].

—I<x<l1

It is known that | f, tends to the limit

exp (4 tog |70

when p — 0. This is exactly the value given to the functional || f|, when
p=0.

Let f be a real polynomial. If f has no zeros in the open unit disk then
[/l can be best possible estimated from above by | f],, 0<p <. To
the best of our knowledge the first result of this type for polynomials with
restricted zeros was obtained by Erddés [7] in the case p = 0.
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184 DRYANOV AND VATCHEV

THEOREM A. Let f be a real polynomial of degree at most n such that
| floo = 1. If the zeros of f are all real and lie on R\(—1, 1) then

|f’|w<[;(1 —;>_"+1} "

Equality is possible only at —1, +1 and it holds only for

n

fex.,l(x):z n_1(1+x)(1_x)n—l

.
2"n—1)
and

n —
W(l-ﬁ-x) I(I—X).

fex., 2(X) =
It can be seen that the exact asymptotic of || f"|| ../l fll.. With respect to
the polynomial degree is n. This is smaller than n2 which is the exact
asymptotic in the corresponding inequality for polynomials without
restrictions on the zeros, see [8].
Without any restriction we can assume that each polynomial, belonging
to the class introduced in Theorem A, is positive on (—1, 1). By using a
wider class of polynomials (see Remark §)

T, = {f:f(x)z i A1+ x)(1—x)""% 4,>0,k=0, 1,...,n}
k=0

introduced by Bernstein (see [3,4]) an extension of Theorem A is due to
Sheick [12].

TueoreMm B. If fen,, then

e
1 o <5 721 oo

On the basis of a sharp point-wise bound for |f"(x)|/|fl. at an
arbitrarily prescribed point x on the unit interval the next theorem is given

in[1].

TaeOREM C. If f is a real polynomial of degree at most n such that
1/l =1 and f(z) #0, |z] <1, then

sy (1-3) "

with a case of equality only for f,. | and f,,. ;.
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Another contribution to this subject can be seen in [2], where the
following theorem has been proved.

THEOREM D. If fis a real polynomial of degree at most n having at most
k zeros in the open unit disk, then there exists an absolute constant c, such
that

£ oo < en(k+1) [1f oo -

Note, that the estimate is sharp up to the best possible constant. A short
proof of the above theorem based on D. Newman inequality [10] for
Miinz polynomials and Meissner’s representation (see Remark 8§ of this
paper) can be seen in [6]. The best constants case is known only in the
cases k=0, [1,7,12] and k=n, [8].

Let g, o(0)=(1+x)* (1-x)"* and g, 4 (x) =(n"q, «(x)/(2"k*
(n—k)"~%). Note that |q, s «llw=1. The next Erdds—Nikolskii type
inequality between different metrics is proved in [5].

THEOREM E. Let f be a polynomial of degree at most n with real coef-
ficients and having no zeros in the open unit disk. Suppose, in addition, that
f has zeros of multiplicity at least yu at —1 and 1, where 0 <u<[n/2]. If f
is not a constant multiple by q, , or q, ,_,, then

LAl > 1, sl p 1S N es O<p<o0.

As a corollary of Theorem C and Theorem E the best possible estimate
of | f'll /Il f1, from above is given in [ 5 ] but under the additional boundary
assumption

f(=1)=f(1)=0.

COROLLARY A. Let f be a real polynomial of degree at most n, such that
f(—1)=f(1)=0 and f(z) #0 for |z| <1. If f is not a constant multiple by
qn,l or qn,nfl then

1,1 1l 0

1/ e <
an, 1 Hp

ISl 0<p<oo.

Now a natural question arises, stated by Professor Q. I. Rahman in a
joint discussion with the first named author: If it is possible that the
boundary conditions f(—1)= f(1) =0 can be removed from the statement
of Corollary A. It is logical to believe, following [ 7], that these boundary
conditions are superfluous in the statement of Corollary A at least for
p> 1L
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We will answer the above mentioned question by giving the exact solu-
tion of the extremal problem, given in Corollary A, without the boundary
condition f(—1)= f(1)=0. Our method is based on a technical refinement
of a variational approach, given in [5].

Let 2, denote the class of all real polynomials of degree at most » having
no zeros in the open unit disk, ie. f(z)#0, |z| <1. Then our extremal
problem reads as follows. Find

sup Hf“”, 0<p<oo. (1)
fe?, Hf“p

Remark 1. Without any restriction in the process of our considerations

we can assume that £, consists of polynomials which are positive on

(—1,1).

Remark 2. We will show that the boundary conditions f(—1)= f(1)
=0 in Corollary A are superfluous when p>1 (see Theorem 1). This
means that the extremal polynomials of (1) has to satisfy f(—1)= f(1)=0
in the case p>1. If 0<p <1 and we do not put the boundary condition
f(—=1)=f(1)=0, (see Theorem 1) then the extremal polynomials of (1)
will differ from the extremal polynomials of the corresponding to (1)
problem with the boundary conditions f(—1)=f(1)=0 (this case is
settled in Corollary A).

Remark 3. 1In the process of solving the problem (1) we will see that in
the case 0 < p <1 new effects appears. Namely, the extremal polynomials of
problem (1) do not satisfy the boundary condition f( —1)= f(1) =0, when
0<p<1.In the case p=1 we will see that the problem (1) has two classes
of extremal polynomials. One of them satisfies f(—1)= f(1) =0 whereas
the other does not. In the case p > 1 the extremal polynomials of (1) must
satisfy the condition f(—1)= f(1)=0 and this means that the condition
f(1)=f(—1)=0 is superfluous in the statement of Corollary A for p > 1.

Problem. For a fixed p, 0<p< oo, find the exact value and the
extremal polynomials of (1).

2. AUXILIARY RESULTS

The solution of the problem (1) is based on a technical refinement of a
variational approach that is described in [5] and will be presented as a
sequence of lemmas.
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LeEMMA 1. The problem (1) possesses an extremal polynomial. In other
words

T —

fe?, Hf“p fe?, Hf”p

Proof. From Theorem A and Theorem C we have

1 1 —n+1
|f’|w<2<1n> n|flle<Cnp)lfl,

SO

sup e <l py< 4 0.
ren 71,

Let f; be a sequence of polynomials from %, such that

L delleo 1/ e 1

= sup — .
Ifell, ™ rem, IS0, K

Consider polynomials g, :=f./| fx It is evident that ||g.[,=1 for

-

k=1,2, ...
From the above-mentioned papers it follows that |g;| . < C(n, p) for
k=1,2,... We choose from the sequence {g,}_; a locally uniformly

convergent subsequence and denote it by {g,} ;.

The locally uniform limit g of {g.} 7., must be a polynomial of degree
at most n. By Lebesgue’s dominated convergence theorem it follows that
lgll,=1 and from here the limit function g is not identically zero.
Hurwitz’s theorem shows that g € #,. In particular g(x) #0 on —1<x<1.

The degree of our polynomials g.(x) for k=1, 2, .. is fixed and the
locally uniform convergence is an invariant property with respect to
differentiation. This means that g; — g’ locally uniformly, when k — co.

From the above considerations it is easily seen that

k— o k— o
Hence we have
! ’ ! ! !
oo 180y e Ml W o

= - =
rez, IS, ~ lgl, koo 18kl koo Ifklp = rem, 1S,
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which gives

Il _ "1l oo
Hng fe?, Hf“p

The proof is completed. The conclusion is that an extremal polynomial
exists.

Let us denote by p, the subclass of 2, consisting of polynomials having
only real zeros, i.e.

pn=1/1 f€Z, fhas only real zeros}

The next lemma indicates that while looking for extremal polynomials of
(1) we only need to examine those polynomials of %, whose all zeros are
real.

LeMMmA 2. We have

1/ oo A1 oo
p =su

fe?, Hf“p fep, Hf”p .

Proof. 1If deg(f)<1 the statement of the lemma is trivial. Let
deg( ) =2 and let f have at least one non-real zero. Without any restriction
we may assume that f is positive on (—1, 1). Since f is real, f has a pair
of conjugate zeros, so f(z)=g(z)(z—a—ib)(z—a+1ib), be R, b#0.

Let £e[ —1, 1] be such that

1w =11,
Consider an auxiliary polynomial
fi(z)=f(z) —eg(z)(z = &), ¢ sufficiently small and positive.
Note that f7(&) = f'(&) and from here
el o= [SLON = 1O =1/ oo
Now f,(z) can be represented as follows
fo2)=g(2)((1 —&) 22+ 2(Ee —a) z+ a® + b —&&?)
and the quadratic

(1—¢)z24+2(¢e—a) z+a® +b*—&l?
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must have a pair of conjugate zeros for ¢ sufficiently small (e >0) because
b#0. So

J2)=(1—¢) g(z)(z—zy Nz —2Z},).
We have

) a?+b?—eé?
|Zl,e| :Zl,ezl,e: >

1.
1—¢

and z; ., Z; , do not belong to the open unit disk. On the other hand
max,.r_y 171 f(x)|=f(x*)>0 and for £>0 and sufficiently small
fo(x*)>0. Hence f,(x) >0 for —1 <x < 1. The conclusion is that f,(z) € Z,.

By assumption f>0 on (—1,1) and from here g>0 on (—1,1). It
follows that

0</fx)<flx),  xe(=1D\{¢}

and
I fellp <1/,
Thus
[ P P
<
1A, Ifl,

and this ends the proof of the lemma.

Remark 4. Note that if » =0 the above considerations do not work and
we may have a pair of real zeros and at least one of them can be in the
open unit disk.

If deg(f)=0 then supscy /' /Ilf1,=0 so the problem is trivial and
each non-zero constant polynomial is a solution of our problem. If
deg(f)=1 then it is evident that the only extremal polynomials are
c(x+1)and ¢(1 —x), ceR, c¢#0.

In what follows we assume n > 2.

LemmA 3. If fep, and f(—1) f(1)#0 then f cannot be extremal.
Proof. Without any restriction let f>0 on (—1, 1), fep, and let

min  f(x)=min[ f(—1), f(1)]>0.

xe[—1,1]

Consider the polynomial f,(z) :=f(z) —¢, for ¢ sufficiently small (&> 0).
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Let C; ={z:zeC, |z| <1} be the unit disk in the complex plane and
X1, Xa, .., X,, e the zeros of f.

Since min; ¢; <, |x;|>1, then ming_y 5 _ anazec,y |¥;—2/ >0 and from
this and from Hurwitz’s theorem we have f,(z) € %, for ¢ >0 and sufficiently
small. Note that f,(z) may have complex zeros. If ¢ <min[ f(—1), f(1)]
then

0< fux) < f(x), —1l<x<l1
and
Jo(x)=f"(x).
It is easily checked that
(A P 0
< . J.€9,
1A, Ifell,

and this completes the proof.

LemMa 4. If f(x)ep, and | possesses at least two zeros in R\[ —1, 1]
counting their multiplicities then f(x) cannot be an extremal polynomial

of (1).

Proof. Let & be a point of [ —1, 1] where | f’(x)| attains the maximum
value(|| /'], =1/"(&)]). First we observe that f cannot have zeros in
(—oo, —1) and (1, c0) at the same time. Suppose it does. Let A_ be the
smallest zero of f and 4, be the largest one. It is easily seen that for all
small ¢ >0 the polynomial

&f(2)

Ry

Jdz2) =1(2) +

belongs to p, and 0< f,(x) < f(x) for all xe(—1,1)\{&}. On the other
hand

1l oo = 1S LD =1/ (O =1/l

and we see that

TdPSRTAR
TiRRTAR

Assume that f has no zeros in (— oo, —1). We claim that f cannot have
two or more zeros in (1, o) counting their multiplicities. Suppose it does.
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Let A, be the largest zero of f and /4, the largest but one. If 4, is double
zero then 4, =4,.
It is geometrically evident that for all small ¢ >0, the polynomial

— = (z=¢)?

belongs to p, and 0 < f,(x) < f(x) for all xe(—1, I)\{&}.
From here we clearly have

1/ Moo S el oo

<

LA, el

The proof is completed.

We have proved that if f is extremal for the problem (1) it must be of
the following form

f(x)=c(1 +tx)(1 —x)7 (1 +x)X,
where |f|<1, k+j<n—1, ceR, c¢#0.

By using an analogous variational construction one may show that
j+k=n—1Iif fis extremal. The point ¢ is chosen by analogy such that

1f Moo = 117(E).

The above considerations can be summarized in the following lemma.

Lemma 5. If fis an extremal polynomial of the problem (1) then f must
be of the form

J(x)=c(14+mx)(1—x)"~* =1 (1 +x),
where —1<t<1,0<k<n—1, ceR, ¢#0.

Remark 5. Lemma 3 is a corollary of Lemma 5, note that n>2.
Lemma 5 shows that while searching for an extremal polynomials of the
problem (1) we need only examine those from the class

e, =1 f(x)=c(1+x)*(1—x)""%=1 (1 + 1x);

0<k<n—1,—1<t<1,¢>0}.

Note that without any restriction we can suppose that f(x)>0on (—1, 1).
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Let
enri= (1 feen: f(1)=0, f(—1)>0)
en 1= {f: feen: (—1)=0, f(1)>0}
en 11i=1f: feen f(1) = f(—1)=0}.
We have
If e < T T |f'|oo> ,
A gy, T max | max e e S e meax S, ) @

The above formula shows that we can divide our problem into 3 problems.
The first one,

(AP

fee, _11 ”f“p ’

(3)

is the problem which is given by Corollary A, (see [5, Corollary 27). The
extremal polynomials in this case have the form

e(1—=x)(14+x)"71, and c(1+x)(1—=x)"""1, ¢>0.
It is obvious that if f(x) is extremal for the problem

!
o I
ree 171,

then f(—x) is extremal for

’
o Ml
reens 171

and vice versa.
We make the conclusion that to find the extremals of problem (1) we
need only study the problem

’
o Wl
reens 171,

(4)

The class e, ; consists of all polynomials of the form

e ={f1f(x)=c(1+x)(1=x)"""¢>0, —1<r<1}.
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LemMma 6. If te(—1,(n—2)/n] then the polynomial f(x)=c(1+ tx)
(1=x)""1 ¢>0 cannot be extremal for the problem (1).

Proof. For clarity we divide the proof into four cases with respect to
the parameter t.

(a) Let first te(—1, 0). By using the polynomial

1— n—1
p_l(x):z%[(n—l)x—l-n—i-l]
p_(=)=1,p_y(—=1)=0and p_,(x)=0 for —1<x<1 we construct a

variational polynomial

Jox) :=1(x) —éep _1(x).

It is geometrically evident that f,(x) must have one real zero greater than
1 and smaller than —1/¢ for a sufficiently small ¢ > 0.

So f(x)ee,  for a sufficiently small ¢>0 and 0< f,(x)< f(x) for
—1<x<l.

On the other hand |[f'|,=I/"(=1I and [fi],=|f(—1]=
(=D =1

It follows that

I/ el oo 11" oo
>
Ifell, 1S,
and from here the polynomial f(x)=c(1+tx)(1—x)""! cannot be
extremal for te(—1, 0).
(b) Let now =0, so f(x)=c(1—x)""'. Consider again
_ Lem—=1) !
fx)i=c(l=x)""t—gp_,(x)=(—1) - )x + Y axt (5)

2 k=0
Without any restriction let us assume #n odd. The case n even can be treated
by analogy. For a fixed x,>1 we can choose ¢ sufficiently small (¢>0)
such that f,(x,)>0. From here and the representation (5) it follows f,(x)
has a real zero greater than 1 because lim,,, , ., f(x)= —oc0. So f,€e,
and 0 < f,(x) < f(x), —1<x< 1. We end this case by the same arguments
as in the case (a).

The cases (a) and (b) complete the proof of Lemma 6 when n=2. Let
n=3.

(c) Letn>=3andletze(0,(n—2)/(n+2)]. Consider f(x)=c(1+ tx)
(I—x)""1 ¢>0.
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The polynomial f”(x) has one local extremum at x*(¢) = (2t —n+ 2)/nt.
Forte(0,(n—2)/(n+2)], x*(¢t) < — 1. From here

max ]If’(X)|=|f’(—l)|

xe[—1,1

and we can proceed as in the case (a).
It is geometrically evident that

S =f00) =3 (=2~ [(n=1) x+n+1]

1

={Ct—(nl)£} (—1)"‘1x"+ni cpxk

n
2 k=0

will have one real zero less than —1 if ¢ is sufficiently small (&> 0) such
that f/,(—1)>0 and (c¢t—((n—1)/2") &) > 0.
Using that f(—1)=f'(—1) we claim that

1f el oo 2 1/ N o -

The inequality 0 < f,(x) < f(x), —1<x<1 gives that || f ||, < fIl, and

TAPSETAR
TARETi

The proof in the case (c) is completed.
(d) te[(n—2)/(n+2),(n—2)/n].Consider f(x)=c(1+tx)(1 —x)" "1,
c>0.
The local extremum of f’(x), x*(¢) = (2t —n+ 2)/nt belongs to [ —1, 1).
In this case f”(x) is decreasing from —1 to x*(¢) and increasing from x*(¢)
to 1; f'(x) <0, (—1<x<1), so we conclude

L/ "o = L' (x*(2))].

The polynomial

satisfies p«(x*) =1, p'(x*)=0 and p,«(x) >0 for —1 <x <1
By making use of p «(x) we form a variational polynomial

Jo(x) = f(x) = &p oa(X).
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The same arguments as in (c) show that

TAPRIAP
TARETIR

and f, ee, ; for ¢ sufficiently small (¢>0).

Remark 6. Note that the above arguments are inapplicable when
t= —1. This leads us to consider ¢(1 — x)"” as a candidate for an extremal,
so let us denote f,(x) :=(1—x)".

Now we consider an auxiliary extremal problem

' 1 t 1_ n—17/ 1
op Ll (g ML 1)
feen 1£1, tef—2ym 1y le(1+1x)(1 —x) ll» I/,
_ < ILCL+ ) (1 —x)""" Tl 1% |oo>
=max max — , )
tetn—2ym 11 [(L+2x)(1—=x)""", /sl

Let f,(x) :=(1 +tx)(1 —x)"~! and n>3 then
1/l oo = max (| /(x*(2))], | /(—1)

) n—2 1 tnfl
:max<<nn> (;Jz ,2"‘2|(n—1)t—n+1+2t|>

and from here we conclude

wp Wl
reens IS,
4 X* t ’ _1 '
:max< max  LAXTON L1 >|,|f*|oo>.
teln—2ym11 [l f1ll, tetn-2/m11 | fill, ISl

From the method of the proof of Lemma 6 it easily follows that

If(—1)|<max{|f’1(—1)l |f’1(_1)|}

reto-am 11 | fll, (721 P
4 _1 !
- { (=Dl |f*|w} ’
(2 P
0<p<oo.

(A) Now we consider for 0 <p < oo the extremal problem

Lfx*eNl ), (n=2\""? (14702

=27 — max EPTET R
teln—2ym 11 | f7ll, n teln—2)m11 1 ’
1

1/p
L (1 =x)"= D7 (1 4 1x)? dx}

X
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which is equivalent to the auxiliary extremal problem

. Vo(1=x)®=DP (1 4 x)? dx
min -1 ) 7(1 + %) (n=2e, (6)
te[(n—2)n, 1] (147)n-br

In the above considerations we need the restriction n > 3. The case n=2
will be studied in the next remark.

Remark 7. The case n=2 of the extremal problem (1). Lemma 6
shows that we have to consider only the case when the second zero of our
polynomial of degree 2 is less than —1. In this case we have

1/ oo =1/ (D]
and
fox) = f(x) —e(x—1)*

for sufficiently small ¢ (¢ > 0) shows that f cannot be extremal for € (0, 1).
So, we obtain that the only candidates for extremals in the case n =2 are
c(1—x)% (14 x)% e(1—x)(1+x).

Now we continue with the auxiliary problem (6), n > 3.

Denote

L (=)D (L4 1x)? dx 1P
(1+47)=Dr

1
Dy(1) ::j (=)0 (1 )

D(1) ::fl (1—x)"=V7 (1 4 1x)? dx

1
Do(t):zf (1—x)"=7 (1 4 1x)7~ 1 dx.
—1
Our problem is

min D (1).
te[(n—2)/n, 1]

For the first derivative of @,(¢) we obtain

1q5,',(l):jl,1(l—x)("_”P(l—l—tx)P_lxdx n—2—t
P 0,0 L (- D7 (1 +m)Pde | f1+1)
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and

D(t) t—n+2
D(t)  t(l+1)°

D(1)=0 is equivalent to

The case p =1 is trivial. We have

Q1) —tn*—n+2)+n*—n-2
@,(1)  Hl+t)(n+1—tin—1))

and

min @ ,(r) = min <¢1 <” _2>, q§1(1)>

te[(n—2)/n,1] n
4
D,(1)=
(1) nn+1)’
n—2\ (n—2)""? 4
D = 2n—1
1< n > BT e Oy

For n=3 and n =4 we have min(®,((n—2)/n), @,(1))=,(1).
On the other hand

(n—2)"—2 B 1 \"2 1 2
(n_l)n_l(Zn—l)— = 24— = o<1

So for n sufficiently big we have

min <q§1 <”nz> @1(1)> -, <”n2>.

Let us now consider the case pe (0, + o), p #1. We have

CT[(n—=1)p+111(p) 2"~ VP P (np +2)
{F[(n—l)p+p+1]2"”“ }
xI[(m=D)p+1]1T(p+1)

sgn(®,(1)) =sgn

11
—sgn| —=——| <0.
sgn I 3 2p:| <

197
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It follows that @,(7) <0 in (1—4,1) and @,(1) is strictly decreasing in
(1—=0,1).
Now we will study

sgn {(15;;(1) : le<n;2, 1), dﬁ,’,(t):O}.

We have

L[ @y(t) (P ()\*| Di(t) Dy(t)D'(t) ?—2(n—2)t—n+2
{ _< ”‘D(z)‘ [D(1)]? 2(1+1)?

D(t)=p jil (1—x)"=7 (1 4+ 1x)?~ 1 x dx = pD,(1)

Dy(t)+tD,(t)
D(z)

Dy(1) n—1
D(t) 1+t

=1, and

It follows that

sgn {@;(r) : te<n_2, 1>, @(1) :0}

{D’l(t) D(t)D'(t) ?=2(n—2)t—n +2}
=sgn .

D(t)  [D(n]? (1 +1)?

1)3(;):(1;—1)[1 (1—x)"=D2 (1 +1x)? =2 x2 dx. (7)

The polynomial x? can be represented by using Lagrange interpolation at
—1, +1, —1/t#—1,1.

1
2(1—1) 2(1+l)(1+)€)(1+[X)—il2(l—x2)
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Replacing x? with the right-hand side of the above formula in (7) we
obtain

Di=371=4 fil(l—x)(”_l)p(l—i—tx)”_l(l—x)dx

jl (1—x)=D7 (1 +4x)?=1 (1 +x) dx
—1

1
e f (1—x)"=D7 (1 4+4x)7=2 (1 —x2) dx
- -1

-1 —
=L [ Dy(1)—D\()]+2

1
2(1—1) m[Do(f)"‘Dl(f)]"'R(t)

where after integrating by parts we get

1

T

[—(n—=1) p Do(1) = (2+(n—=1) p) Dy(1) ].
The above formulas give the representation

Di(t) _(n—l(p—D—(n—-1?pt—(p—1 ¢

D(1) P1+1)*(1—1)
(n=2)p—1) =2+ (n—-1)p)t
+(n=2)2+(n—1)p)
(1+1)2(1—1)
Di(t) t—n+2  Dy(t) n—1 D) D)
D l+0° D1 1+: Do Py

+

Finally we obtain
-2
sgn {qﬁg(z) re <” , 1>, ®1) :0}
n

— sgn {(p—i—l)(—tn—i—n—Z) : te<n;2, 1>}<0.

The above sign inequality shows that @®,(7) may have only one local
extremum in [ (n—2)/n, 1] and it must be a local maximum.
We make an important for the solution of The problem (1) conclusion that

min qﬁp(z)zmm{qﬁp <”;2>,@p(1)] (8)

te[(n—2)/n,1]
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Now, we sum up on the basis of the Eq. (8), that was obtained by studying
the extremal problem (6) we claim that

n—2
! f,ni " <x* <>>‘ ] .
sup Wl _ o 207 n )1 1SAEDE 1 e
feen,l ”f“p |‘ﬂn—2)/n|‘p ’ Hfl Hp ’ ”f* Hp ’

0<p<oo. 9)

observing that [/3(—1)| > [/1(x*(1))[ =[/1(4 —n)/n)|.

(B) The case p=0. In this case our extremal problem (6) looks as
follows

ln—2

1 1
in @y(f)= min ——— — | Im[(1=x)""'(1+x)]d
fnin ol?) tggg](14_”n_lexp<2 f_llﬂ( x)" 7 (1 +1x)] x>

and

2 @Po(t) _(n=1)t 1 1 B
T 14 pmntrosgi=n.ref0 1]

Hence, there is xy€ ((n—2)/n, 1) such that

<0, te(xo, 1)

@i(1) [n—2 >
>0, te T,Xo .

From here

min @dzy=nnn[¢o<";2>,¢41ﬂ

te[(n—2)/n,1]

and this completes our consideration in the case p =0.
Taking into account that fi(x)=(1+x)(1—x)"""' is a solution of the
extremal problem (3) and on the basis of (9) we claim that

sup =
rez, I1f1,

e (V=10 LV

0L 10
TAP ’If*l,,>’ Sp<o (10)

observing that f,, _,y,,(x) cannot be extremal (see Lemma 6) for the extremal
problem (1).
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In the next lemma we will compare the values of

I/i(=DI 1/ s lleo _ 1/ (=1)I

L 2 d —

111, FA

when p varies from 0 to oo.

LemMMA 7. The following inequalities hold

=D 1Sl
0< 1;
@ A <AL sp<
1l 1f3(—1)]
b 1;
R T A T AT d
1ol 1f3(=1)]
= =1
T A T A TR
Proof. If p=0, then
/(=D)] _ gn-1
TAR 1
exp <2 Ll nin(1—x) dx>
021 a1
= ! 2 T

exp <; j nin(1—x) dx>

If 0 <p < o0, then

I/1(=1)] =1< I'(pn+2) >”"
1Al 2\I(pn—p+1) I(p+1)

and

[/ 5l 1 1
=X = —n(np+1)"7.
Ifsll, 2

In the case n =1 the statement of the lemma is trivial.
Let n>2. first we show that for the derivative of

_ T'(op+1) ]
o) = 1) p 111"

veR, v=2, 0<p<o
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we have the formula

g1 )]
p(ﬁp(v)_S:O (v—=1p+1+s vp+1+s v

& 1 1 1 1
To\w=1Dp+1+s vp+14s/ wp) vp wp

Consider the finite sum

%( 1 1 > 1
To\Nv=1Dp+1+s vp+1+s/ wvp

N
—Z< 1 1 > 1
S \wp+l—p+s wp+s) p+N+1

Taking the limit when N — co we obtain that the both series have the same
sum. Hence

<=
S
QC

& 1 1 1—

-5 )
- vp—l—l—p—i—s vp+s vp

- l-p 1-p
2 -

+
= (wp+1—=p+s)vp+s) vp
(a) Let 0<p<1. We have

1—p - 1—p
(vp+1—p+s)vp+s) (vp+14+s5)vp+s)

1 1
=(p—1 — .
(P )<up+s vp+1+s>

The above formula gives that

i p—1 i( 1 >_p—1
Z UP+1—P+5)(UP+S) ~ \wp+s wp+l+s) v
Hence
1 1_ 1—
¢(v) r.l-r_,
P9, (v) up up
and

Pp(0) <¢,(1)=T(p+1).



ON A POLYNOMIAL INEQUALITY 203

(b) Let p>1. We have

1—p - 1—p
(vp+1—p+s)vp+s) (vp+14+5)vp+s)

1 1
=(p—1 — .
(p )<up+s vp+1+s>

and from here

°° p—1 i 1 p—1
2 (p+1—p+s)(vp+s) >(p=1) X wp+s p+1l+4s - p
s=0 s=o0
Hence
Loy 1=p 1-p_
P ¢,(v) vp vp
and

Pp(0)>¢,(1) =T(p+1).

The following representation ends the proof of the lemma

() )"

Note, that

! 1 1A _1 1
Uil 7 Walle WACDIL 0,
TARE TARETAE

On the basis of (10) and Lemma 7 we obtain the solution of the problem (1)
that is contained in the next theorem.

3. THE SOLUTION OF THE PROBLEM (1)

Summing up we have proved the following theorem.
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THEOREM 1. If fe 2P, then

[ fll, n .
TARREAS r=0
il Ly, 0<p<l:
up L _ < 1full, 2
oo 71, 1l ISl _n(n+1) L
TARNATE P==
|fa|oo=1< r(pn+2) >W .
140, 2\Fn—p+DT(p+n) 0 PT

In the case 0<p <1 the only extremal polynomials are c¢(1—x)" and
c(1+x)", ceR, c#0.

In the case p=1 the only extremal polynomials are c¢(1 —x)", c¢(1 + x)",
c(1=x)(14+x)""Y and c(1 +x)(1—x)""1, ceR, c#£0.

In the case p > 1 the only extremal polynomials are ¢(1 —x)(1 + x)
c(1+x)(1—x)""1 ceR, c#0.

n—1

and

By using Stirling’s formula, Theorem 1 gives the exact asymptotic of

1L/ Voo /1SN s S € 2.

COROLLARY 1. [If fe P, then

Hf Hoo:O(nl+1/P)’ n— o0, O<p<00
S 17,

(one may compare with Theorem A).

Remark 8. 1If fe#,and f>0 on (—1, 1), then fenr,. In other words
f(x)=) A (1+x)*(1—x)""k Ar=0, k=0,1,..,n  (11)
k=0

This fact is proved in [12] but it is really contained in an earlier result of
Meissner [9]. On the basis of (11) and by using the Fundamental theorem
of Linear Programming the exact value n(n+1)/2 of sup{|l/"|./I/l1,
fe2,} is given in [11]. Note, that taking a limit in Theorem 1, when
pH 00 we obtain
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SUp{ L/ oo /1./ 1 oos SE€Z} = 1/ 1 1o/ 11 ]l o

1=t

<n lim {(1/2)(1—1>_n+1} =S

n oo n
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